Let G = (V (G), E(G), F (G)) be a simple, finite, connected, plane graph with the vertex set V (G), the edge set E(G) and the face set F (G). A labeling of type (1, 1, 1) assigns labels from the set {1, 2, . . . , |V (G)| + |E(G)| + |F (G)|} to the vertices, edges and faces of a plane graph G, such that each vertex, edge and face receives exactly one label and each number is used exactly once as a label. Moreover, the labeling is called super if the vertices are lebaled with the smallest numbers. The weight of a face under the labeling of type (1, 1, 1) is sum of labels of the face itself and vertices and edges surrounding that face. A labeling of a plane graph is called d-antimagic if for every positive integer s the set of weights of all s-sided faces is W s ={a s , a s + d, . . . , a s + (ν s − 1)d} for some integers a s and d ≥ 0, where ν s is the number of the s-sided faces.
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Introduction
All graphs considered here are finite, simple, undirected and plane. If G is a plane graph, by V (G), E(G) and F (G) we denote the vertex set, edge set and face set, respectively.
A labeling of type (1, 1, 1) assigns the labels from the set {1, 2, . . . , |V (G)| +|E(G)| + |F (G)|} to the vertices, edges and faces of a plane graph G in such a way that each vertex, edge and face receives exactly one label and each number is used exactly once as a label. Note that a labeling of type (1, 1, 0) is a bijection from the set {1, 2, . . . , |V (G)| + |E(G)||} to the vertices and edges of a plane graph G.
The weight wg(f ) of a face f under a labeling is the sum of labels (if present) carried by that face and the edges and vertices surrounding it.
A labeling of type (1, 1, 1) (respectively (1, 1, 0)) of a plane graph G is called d-antimagic if for every positive integer s the set of weights of all s-sided faces is W s ={a s , a s + d, a s + 2d, . . . , a s + (ν s − 1)d} for some integers a s and d ≥ 0, where ν s is the number of the s-sided faces. We allow different sets W s for different s.
In particular for d = 0, Lih in [24] calls such labeling magic and describes magic (0-antimagic) labelings of type (1, 1, 0) for wheels, friendship graphs and prisms. Kathiresan and Gokulakrishnan [23] provided the 0-antimagic labelings of type (1, 1, 1) for the families of planar graphs with 3-sided faces, 5-sided faces, 6-sided faces and one external infinite face.
The concept of the d-antimagic labeling of plane graphs was defined in [15] . The d-antimagic labelings of type (1, 1, 1) for the generalized Petersen graph P (n, 2), hexagonal planar maps and grids can be found in [7, 11, 13] , respectively. Lin et al. in [25] showed that prism D n , n ≥ 3, admits d-antimagic labelings of type (1, 1, 1) for d ∈ {2, 4, 5, 6}. The d-antimagic labelings of type (1, 1, 1) for D n and for several d ≥ 7 are described in [28] .
The existence of d-antimagic labeling for special classes of plane graphs with 3-sided internal faces is given in [1] . The super d-antimagic labelings of type (1, 1, 1) for antiprisms and for d ∈ {0, 1, 2, 3, 4, 5, 6} are described in [6] , and for disjoint union of m copies of antiprism mA n , m ≥ 2, n ≥ 4 and for d ∈ {1, 2, 3, 5, 6} are given in [18] . For disjoint union of prisms and for d ∈ {0, 1, 2, 3, 4, 5} are given in [3] . The existence of super d-antimagic labeling of type (1, 1, 1) for the plane graphs containing a special Hamilton path is examined in [10] and super d-antimagic labelings of type (1, 1, 1) for disconnected plane graphs are investigated in [16] . The super d-antimagic labelings of type (1, 1, 1) for friendship graphs F n , n ≥ 2 and several other families of planar graphs are given in [9] and for toroidal polyhex H n m are given in [17] . The super d-antimagic labelings of type (1, 1, 0) for friendship graphs F n , n ≥ 2, for d ∈ {1, 3, 5, 7, 9, 11, 13} and for d ∈ {0, 2, 4, 6, 8, 10}, n is odd are given in [8] . The d-antimagic labelings of type (1, 1, 1) for Möbius grid M m n are described in [12] . The super d-antimagic labelings of type (1, 1, 1) for Jahangir graphs for certain different d is examined in [27] .
Preliminaries
Evidently, the triangle is the most stable shape. In [2] authors introduced the concept of strong face graphs, which allowed changing all inner s-sided faces of a plane graph G to 3-sided faces only. Definition 2.1. Let G be a simple, connected, plane graph. A strong face graph G * is obtained from G by adding a new vertex to every face of G except the external face and joining this vertex with all vertices surrounding that face, so that all faces of the graph G * are isomorphic to the cycle C 3 .
In this paper, we investigate a (super) d-antimagic labelings of type (1, 1, 1), where d = 0, 1, 2, for certain families of strong face plane graphs, mainly for wheels, fans, ladders, Dutch windmill graphs (friendship graphs) and generalized Dutch windmill graphs and prism graphs.
The idea of the proof is to describe a (super) 1-antimagic labeling of type (1, 1, 0) of a given graph and using the following theorems to extend this labeling to a (super) antimagic labeling of type (1, 1, 1). 1. if the faces f i and f i+1 are s-sided faces for some s ≥ 3 then
2. if the faces f i and f i+1 of different sizes then the size of the face f i is smaller then the size of the face f i+1 .
By the symbol f ext we denote the external face of G. According to the assumption the external face f ext is the only one σ-sided face in G for some integer σ, σ ≥ 3. Thus if f j , f j+1 , . . . , f j+νs−1 are all s-sided faces of G, for some 1 ≤ j ≤ |F (G)| − 1, then
where 0 ≤ r ≤ ν s − 1, for some integers a s . We define the labelings g ±1 of type (1, 1, 1) of G in the following way
Evidently if g is a super labeling then also labelings g ±1 are super. Using (1) we get the following for the face weights of all s-sided faces f j , f j+1 , . . . , f j+νs−1 , for some 1 ≤ j ≤ |F (G)| − 1, under the labeling g 1 :
Analogously we have
where 0 ≤ r ≤ ν s − 1. This means that g −1 is a (super) (d − 1)-antimagic labelings of type (1, 1, 1).
To construct the (super) 1-antimagic labelings of type (1, 1, 1) from a (super) 1-antimagic labeling of type (1, 1, 0) we need the following lemmas proved in [29] .
Lemma 2.3 ([29]
). Let Θ = {a, a+1, . . . , a+k} and Υ = {c, c+1, . . . , c+k} be two sequences of integers. For k even there exists a permutation Π(Υ) of the elements of Υ such that Θ + Π(Υ) consists of consecutive integers. , c + k + 1}, k odd, be two sequences of integers. Then there exists a permutation Ξ(Γ) of the elements of Γ such that Θ + Ξ(Γ) consists of consecutive integers.
Theorem 2.5. Let G be a plane graph with all faces but the external face of the same size. If G admits a (super) 1-antimagic labeling of type (1, 1, 0) then G admits also a (super) 1-antimagic labeling of type (1, 1, 1).
Proof. Let g be a (super) 1-antimagic labeling of type (1, 1, 0) of a plane graph G with all faces but the external face of the same size. Let us denote the internal s-sided faces of G by the symbols
for some integers a s . By the symbol f ext we denote the external face of G.
If |F (G)| is even then we define the labelings g 0 of type (1, 1, 1) of G in the following way.
and let Π(Υ) be the permutation of Υ from Lemma 2.3. Then
, . . . , |V (G)|+ |E(G)|+|F (G)|} and let Ξ(Γ) be the permutation of Υ from Lemma 2.4. Then
Evidently, using Lemmas 2.3 and 2.4, we obtain that labeling g 0 is (super) 1-antimagic of type (1, 1, 1).
Main Results
The magic labeling of type (1, 1, 1) of the strong face cycle graph C * n , which is isomorphic to a wheel on n + 1 vertices, the prove was given in [4] .
Next theorem deals with strong face wheel graph W * n . Theorem 3.1. The strong face wheel graph W * n , n ≥ 4, admits a super d-antimagic labeling of type (1, 1, 1) for d = 0, ±1.
Proof. Let the vertex set and the edge set of the strong face wheel graph W * n be
The set of faces is F (W * n ) = {f 
For n ≥ 4, we define a bijective mapping g :
For the face weights of faces f 1 i , i = 1, 2, . . . , n, we get
For the face weights of faces f j i , i = 1, 2, . . . , n − 1, j = 2, 3 we have
It is easy to see that all the face weights are distinct numbers from the set {15n + 7, 15n + 8, . . . , 18n + 6}. Thus g is a 1-antimagic labeling of type (1, 1, 0) of W * n . Using Theorems 2.2 and 2.5 we get that the graph W * n admits a super d-antimagic labeling of type (1, 1, 1) for d = 0, ±1. Proof. Let the vertex set and the edge set of strong face fan graph F * n be
The set of faces is F (F * n ) = {f j i : i = 1, 2, . . . , n − 1, j = 1, 2, 3} ∪ {f ext }, where the boundaries of the faces f
respectively. As n ≥ 3 the external face is not a triangle.
For n ≥ 3, we define a bijective mapping g :
For the face weights of faces f 1 i , i = 1, 2, . . . , n − 2, we get
For the weights of faces f j i , i = 1, 2, . . . , n − 1, j = 2, 3, we get
Evidently, the face weights are distinct numbers from the set {15n − 2, 15n − 1, . . . , 18n − 6}. Thus g is a 1-antimagic labeling of type (1, 1, 0) of F * n . By Theorems 2.2 and 2.5 we obtain that the graph F * n admits a super d-antimagic labeling of type (1, 1, 1) for d = 0, ±1. Proof. Let the vertex set and the edge set of strong face ladder graph L * n be
For n ≥ 3 we define a bijective mapping g :
For the weights of faces f
The face weights of all 3-sided faces consist of consecutive integers 23n − 7, 23n − 6, . . . , 27n − 12. Using Theorems 2.2 and 2. 
The set of faces is F ((D For n ≥ 3, m ≥ 2 we define a bijective mapping g :
For the weights of faces f j i , i = 1, 2, . . . , m, j = 1, 2, . . . , n − 2 we get the following
Thus the face weights are distinct numbers from the set {7mn − 2m + 9, 7mn − 2m + 10, . . . , 8mn − 2m + 8}. Thus g is a 1-antimagic labeling of type (1, 1, 0) of (D Proof. Let the vertex set and the edge set of strong face prism graph (
The set of faces is F ((C n ×P 2 ) * ) = {f For n ≥ 5, n ≡ 1 (mod 2) we define a bijective mapping g : V ((C n ×P 2 ) * )∪ E((C n × P 2 ) * ) → {1, 2, . . . , 11n + 1} such that g(v i ) = 
Conclusion
In this paper we investigated the existence of a (super) d-antimagic labeling of type (1, 1, 1) for certain families of strong face graphs, mainly for wheels, fans, ladders, Dutch windmill graphs (friendship graphs), generalized Dutch windmill graphs and prism graphs. We proved that such labelings exists for d = 0, ±1. We conclude the paper with the following open problem.
Open Problem 4.1. Find (super) d-antimagic labelings of type (1, 1, 1) for these graphs for another feasible differences.
